Abstract. Let X be a variety over a field of characteristic 0. Given a vector bundle E on X we construct Chern forms c i (E; r) 2 Γ(X, A 2i X ). Here A X is the sheaf of Beilinson adeles and r is an adelic connection. When X is smooth H p Γ(X, A X ) = H p DR (X), the algebraic De Rham cohomology, and c i (E) = [c i (E; r)] are the usual Chern classes. We include three applications of the construction:
X . This map induces an isomorphism of graded algebras H ( R ∆ ): H Γ(X,Ã X ) ! H Γ(X, A X ). We should point out that R ∆ involves denominators, so it is necessary to work in characteristic 0.
Bott discovered a way of gluing together connections defined locally on a manifold (see [Bo1] ). This method was imported to algebraic geometry by Zhou (in [Zh] ), who usedČech cohomology. When we tried to write the formulas in terms of adeles, it became evident that they gave a connection on the Thom-
Sullivan adelesÃ
X . Later we realized that a similar construction was used by Dupont in the context of simplicial manifolds (see [Du] ).
In the remainder of the Introduction we outline the main results of our paper.
Adelic connections.
Let k be a field of characteristic 0 and X a finite type scheme over it. The definition of Beilinson adeles on X and their properties will be reviewed in Section 2. For now let us just note that the sheaf of adelesÃ X is a commutative DGA, and Ω X=k !Ã X is a DGA quasi-isomorphism.
Let E be the locally free O X -module of rank r associated to the vector bundle E. An adelic connection on E is by definition a connection
over the algebraÃ 0 X . Such connections are abundant. One way to get an adelic connection is by choosing, for every point x, a basis (or frame; we use these terms interchangeably) e x = (e x,1 , : : : , e x,r ) for the O X,x -module E x . We then get a Levi-Civita connection
over the k-algebra O X,x . The Bott gluing mentioned above produces an adelic connection r (see Proposition 3.11).
Adelic Chern-Weil homomorphism. SinceÃ
X is a (graded) commutative DGA, an adelic connection r on E gives a curvature form R := r 2 2 Γ(X,Ã 2 X O X End(E)). Denote by S(M r (k) ) = O(M r k) the algebra of polynomial functions on r r matrices, and let I r (k) := S(M r (k) ) Glr(k) be the subalgebra of conjugationinvariant functions. Denote by P i the ith elementary invariant polynomial, so P 1 = tr, : : : , P r = det.
For any P 2 I r (k) the form P(R) 2 Γ(X,Ã X ) is closed. So there is a k-algebra homomorphism w E : I r (k) ! H Γ(X,Ã X ), P 7 ! [P(R)], called the adelic ChernWeil homomorphism. In Theorem 3.7 we prove that P(E) = w E (P) is independent of the connection r (this is true even if X is singular). Defining the ith adelic Chern form to be
we show the three axioms of Chern classes are satisfied (Theorem 3.17) . Hence when X is smooth over k,
is the usual ith Chern class.
Secondary characteristic classes.
Suppose now that X is a smooth scheme over k, and let E be a locally free sheaf of rank r on X. Let P 2 I r (k) be an invariant polynomial function of degree m 2. In [BE] , Bloch and Esnault showed that given an algebraic connection r: E ! Ω 1
X=k
O X E, there is a Chern-Simons class TP(E, r) satisfying dTP(E, r) = P(E) 2 H 2m DR (X). (We are using the notation of [Es] .)
Since adelic connections always exist, we can construct adelic secondary characteristic classes on any smooth k-scheme X and any locally free sheaf E. The existence of adelic secondary characteristic classes, combined with the action of adeles on the residue complex (see below, and Theorem 6.1), opens new possibilities for research on vanishing of cohomology classes (cf. [Es] ).
Bott Residue Formula. The adeles of differential forms can be integrated.
If dim X = n, each maximal chain of points = (x 0 , : : : , x n ) determines a local integral Res : Γ(X, A 2n X ) ! k (cf. [Be] , [Ye1] Γ(X, A X ) ! k coincides with the usual "algebraic integral" of, say, [Ha1] .
Assume X is a smooth projective variety of dimension n. Let P 2 I r (k) be a homogeneous polynomial of degree n, so that P = Q(P 1 , : : : , P r ) for some polynomial Q in r variables. Let v 2 Γ(X, T X ) be a vector field with isolated zeroes, and assume v acts on the locally free sheaf E. 
P(v, E, z).
The proof of the theorem follows the steps of Bott's original proof in [Bo1] , translated to adeles and algebraic residues. Example 5.4 provides an explicit illustration of the result in the case of a nonreduced zero z. We should of course mention the earlier algebraic proof of the Bott Residue Formula for isolated zeroes, by Carrell-Lieberman [CL] , which uses Grothendieck's global duality.
There is also a Bott Residue Formula for group actions, which is best stated as a localization formula in equivariant cohomology (cf. [AB] ). Recently this formula was used in enumerative geometry, see for instance [ES] and [Ko] . Edidin-Graham [EG] proved Bott's formula in the equivariant intersection ring.
The Gauss-Bonnet formula. Let k be a perfect field of any characteristic, and let X be a finite type k-scheme. The residue complex K X is by definition the Cousin complex of ! k, where : X ! Spec k is the structural morphism (cf. [RD] ). Each K q X is a quasi-coherent sheaf. Let
which is a graded sheaf in the obvious way. According to [EZ] or [Ye3] , there is an operator D: F i X ! F i+1 X which makes F X into a DG Ω X=k -module. F X is called the De Rham-residue complex. When X is smooth, H DR i (X) = H ,i Γ(X, F X ).
In [Ye5] it is proved that there is a natural structure of right DG A X -module on F X , extending the Ω X=k -module structure (cf. Theorem 6.1). The action is "by taking residues." When f : X ! Y is proper then Suppose char k = 0, X is smooth irreducible of dimension n, E is a locally free O X -module of rank r, v is a regular section of E and Z is its zero scheme. Let C X , C Z 2 Γ(X, F X ) be the fundamental classes. In Theorem 6.5 we prove the following version of the Gauss-Bonnet Formula: there is an adelic connection r on E satisfying 
Example 1.3. Given a scheme X, specialization defines a partial ordering on its underlying set of points: x y if y 2 fxg. We denote by S(X) the resulting simplicial set. Example 1.4. Let ∆ n top be the standard realization of ∆ n , i.e. the compact topological space f(t 0 , : : : , t n ) j t i 0 and X
Then ∆ top = f∆ n top g is a cosimplicial topological space.
Let k be any commutative ring. By a differential graded (DG) k-module we mean a cochain complex, namely a graded module M = So A is neither assumed to be commutative nor associative. Example 1.5. Let t 0 , t 1 , : : : be indeterminates (of degree 0). Define R n := k[ t 0 , : : : , t n ]=(t 0 + + t n , 1) and ∆ n k := Spec R n . Then as in the previous example, We shall need another normalization of cosimplicial objects. The definition below is extracted from the work of cf. [HS1] , [HS2] . Fix a commutative Q -algebra k.
be the submodule consisting of all elements u = (u 0 , u 1 , : : : 
In the definition above the signs are in agreement with the usual conventions; keep in mind that M p,q is in degree p (cf. [ML] Ch. VI Section 7). It is clear that if each DGA A ,q is commutative (resp. associative), then so isÑA.
Usual integration on the real simplex ∆ l top yields a Q -linear map of degree 0,
By linearity, for any cosimplicial DG module M this extends to a degree 0 homomorphism
Note that What we have is a natural transformation The proofs are essentially contained in [BG] and [HS1] . For the sake of completeness we include proofs in Appendix A of this paper.
Adeles of differential forms.
In this section we apply the constructions of Section 1 to the cosimplicial DGA A (Ω X=k ) on a scheme X. This will give two DGAs, A X andÃ X , which are resolutions of Ω X=k . Let us begin with a review of Beilinson adeles on a noetherian scheme X of finite dimension. A chain of points in X is a sequence = (x 0 , : : : , x q ) of points with x i+1 2 fx i g. Denote by S(X) q the set of length q chains, so fS(X) q g q0 is a simplicial set. For T S(X) q and x 2 X let xT := f(x 1 , : : : , x q ) j (x, x 1 , : : : , x q ) 2 Tg.
According to [Be] there is a unique collection of functors A (T, ,): Qco(X) ! Ab, indexed by T S(X) q , each of which commuting with direct limits, and satisfying Define a presheaf A (T, M) by
For every q define the sheaf of degree q Beilinson adeles 
Now assume X is a finite type scheme over the noetherian ring k. In [HY] it was shown that given any differential operator (DO) D: M ! N there is an 
(cf. formula (1.6)). (1) Given 2 Γ(X, A 2n X ), one has Res = 0 for all but finitely many . 
(2.12)
In particular we haveÃ
LEMMA 2.13.
(1) Let M be a quasi-coherent sheaf. Then the complex
,! is exact.
(2) If E is locally free of finite rank, thenÃ
(3) The DO d: A (M) ! A (N ) respects the cosimplicial structure. In order to clarify the algebraic structure ofÃ X we introduce the following local objects. Given a chain = (x 0 , : : : 
is free of rank 
M is injective and commutes with D 0 and D 00 .
Proof. This is immediate from Definition 1.7 and formula (2.1).
Proof. Consider the ith covertex map
There is a corresponding
it to (u 0 , u 1 , : : :
Because of the functoriality of our constructions we have:
Remark 2.19. One can show that (Ã 0
X (invertible elements). We leave this as an exercise to the interested reader.
3. Adelic Chern-Weil theory. Let us quickly review the notion of a connection on a module. For a full account see [GH] Section 0.5 and 3.3, [KL] Appendix B, [Ka] , [Go] or [Kr] . In this section k is a field of characteristic 0. 
If M is free of rank r, choose a frame e = (e 1 , : : : , e r ) t : (A 0 ) r ' ! M. Notice that we write e as a column. This gives a connection matrix = ( i,j ), i,j 2 A 1 , determined by re = e (i.e. re i = P j i, j e j ). In this case R 2 A 2
. Here e _ := (e _ 1 , : : : , e _ r ) is the dual basis and Θ i, j 2 A 2 . One has Θ = d , ^. If f is another basis of M, with transition matrix g = (g i,j ), e = g f , then the matrix of r with respect to f is g ,1 g , g ,1 dg, and the curvature matrix is g ,1 Θg.
Example 3.1. The Levi-Civita connection on M determined by e, namely r = (d, : : : , d), has matrix = 0 and so is integrable. In terms of another basis f = g e the matrix will be ,g ,1 dg.
Denote by M r (k) the algebra of matrices over the field k and M r (k) := Hom k (M r (k), k). Then the symmetric algebra S(M r (k) ) is the algebra of polynomial functions on M r (k). The algebra I r (k) := S(M r (k) ) Glr(k) of conjugationinvariant functions is generated by the elementary invariant polynomials P 1 = tr, : : : , P r = det, with P i homogeneous of degree i. 
. We see that the differential equation on page 401 of [GH] can be solved formally in M r (O X,(x) ). Then the proof of the lemma on page 403 of [GH] shows that X=k,(x) . Since this is true for all closed points x 2 X and Ω
X=k,(x)
is a free O X -module, it follows that dP(Θ) = 0.
Let us now pass to schemes. Assume X is a finite type k-scheme (not necessarily smooth), and let E be a locally free O X -module of rank r. We shall be interested in the sheaf of commutative DGAsÃ X and the locally freeÃ 0 X -modulẽ
over the algebraÃ 0 X .
Definition 3.4. The adelic curvature form associated to an adelic connection r on E is
Suppose r is an adelic connection on E and P 2 I r (k). Since P: End(E) ! O X is well defined, we get an induced sheaf homomorphism P:
LEMMA 3.5. P(R) is closed, i.e DP(R) = 0.
Proof. This can be checked locally on X, so let U be an open set on which E admits an algebraic frame f . This frame induces isomorphisms of sheaves
) is the matrix of R, and we must show that DP(Θ) = 0. 
Proof. By adjunction there are homomorphisms 
is independent of the connection r.
We call w E the adelic Chern-Weil homomorphism, and we also write P(E) := w E (P).
Proof. Suppose r 0 is another adelic connection, with curvature form R 0 . We need to prove that [
Consider the scheme Y := X ∆ 1 Q , with projection morphism s = s 0 : Y ! X and two sections @ 0 , @ 1 : X ! Y (cf. Example 1.5 for the notation). Since
Y=k is a quasi-isomorphism of sheaves on X. Because s is an affine morphism the sheaves Ω 
with inverse H (s ).
Let E Y := s E, with two induced adelic connections s r and s r 0 . Define the mixed adelic connection
Next we show how to construct adelic connections.
Recall that to every chain = (x 0 , : : : , x l ) of length l there is attached a DGÃ
(cf. proof of Lemma 2.17).
Suppose we are given a set fr (x) g x2X where for each point x r (x) :
induces, by extension of scalars, a connection
over the algebraÃ 0 . Define the "mixed" connection 
of Lemma 2.16, one has re = (r e ) for every local section e = (e ) 2
Proof. The product
is a connection over the algebra
Since Φ E is injective and Φ is a DGA homomorphism, it suffices to show that re 2Ã 1 X (E) for every local section
First consider a local section e 2 E. For every point x,
. Therefore, writing r l := Q 2S(X) l r , we see that
According to Lemma 2.17 we get a section
Finally, any section ofÃ 0
is locally a sum of tensors a e with a 2Ã 0 X and e 2 E, so by the Leibniz rule r(a e) = Da e + are 2Ã 1 X (E).
Observe that relative to a local algebraic frame f for E, the matrix of a connection r as in the proposition has entries inÃ 1,0
A global adelic frame for E is a family e = fe (x) g x2X , where for each x 2 X, e (x) : O r X, (x) ' ! E (x) is a frame. In other words this is an isomorphism e:
The next corollary is inspired by the work of Parshin [Pa] . COROLLARY 3.12. A global adelic frame e of E determines an adelic connection r.
Proof. The frame e (x) determines a Levi-Civita connection r (x) on E (x) . Now use Proposition 3.11.
We call such an connection pointwise trivial. In Sections 5 and 7 we shall only work with pointwise trivial connections.
Given a local section 2Ã
For a chain we write for the component of Φ M ( ) (see Lemma 2.16).
LEMMA 3.13. Let r be the pointwise trivial connection on E determined by an adelic frame e. Let = (x 0 , : : : , x l ) be a chain, and let f be any frame of E . Write
(1) The connection matrix of r w.r.t. the frame f is = , P Proof. Direct calculation.
Definition 3.14. The ith Chern forms of E with respect to the adelic connection r arec
Let t be an indeterminate, and define
PROPOSITION 3.15. (Whitney Sum Formula) Let X be a finite type k-scheme.
Suppose 0 ! E 0 ! E ! E 00 ! 0 is a short exact sequence of locally free O Xmodules. Then there exist adelic connections r 0 , r, r 00 on E 0 , E, E 00 respectively, with corresponding curvature forms R 0 , R, R 00 , s.t.
Proof. For any point x 2 X choose a splitting (x) : E 00 (x) ! E (x) of the sequence, as modules over O X,(x) . Also choose frames e 0 (x) , e 00 (x) for E 0 (x) , E 00
Let e (x) := (e 0 (x) , (x) (e 00 (x) )) be the resulting frame of E (x) . Use the global adelic frame e = fe (x) g to define an adelic connection r on E; and likewise define r 0 and r 00 .
In order to check that P t (R) = P t (R 0 ) P t (R 00 ) it suffices, according to Lemma 2.16, to look separately at each chain = (x 0 , : : : , x q ). Let g i 2 Gl r (O X, ) be the transition matrix e (x i ) = g i e (x q ) . Because of our special choice of frames the initial segment of each frame e (x i ) is a frame for the submodule E 0 E , which
, where g 0 i , g 00 i are the obvious transition matrices. Now with respect to the frame e (x q ) of E , the connection matrix of r (x i ) is i = ,g ,1 i dg i , so the matrices of r and R are = ,(t 0 g ,1
. By linear algebra we conclude that P t (Θ) = 
Proof. (Cf. [HY] Proposition 2.6.) Suppose fU i g is a finite open cover of X s.t. E j U i is trivial with frame e i . Let
Choose a global adelic frame fe (x) g for E and let r be the connection it determines. For a chain (x, y) let g (x,y) 2 O X, (x,y) satisfy e (x) = g (x,y) e ( y) . By Lemma 3.13 we see that c 1 (E; r) = fdlogg (x,y) g 2 Γ(X, A 1,1 ,(x) in the obvious way. Then fdlog g i,(x) g 2 C 0 (fU i g; A 1,0 X ), and
) is a quasi-isomorphism we are done.
THEOREM 3.17. Suppose X is smooth over k, so that H Γ(X,Ã X ) = H DR (X).
Then the Chern classes
coincide with the usual ones.
Proof. By Theorem 3.7 and Propositions 3.6, 3.15 and 3.16 we see that the axioms of Chern classes (cf. [Ha2] Appendix A) are satisfied.
Example 3.18. Consider the projective line P = P 1 k and the sheaf O P (1). Let v 2 Γ(P, O P (1)) have a zero at the point z. Define a global adelic frame fe (x) g by e (x) = v if x 6 = z, and e (z) = w, any basis of O P (1) (z) . So v = aw for some regular parameter a 2 O P,(z) . The local components of the Chern form c 1 (O P (1); r) are 0 unless = (z 0 , z) (z 0 is the generic point), where we get c 1 (O P (1); r) = a ,1 da.
An algebraic connection on E is a connection r: 
X=k O X E, it suffices to prove that D 00 r(E) = 0, which is a local statement. So choose a local algebraic frame f of E on some open set. Then we have a connection matrix which is homogeneous of bidegree (1, 0), and by assumption the curvature matrix Θ = D , is zero.
But since Θ 1,1 = D 00 we are done.
(2) The algebraic connection r extends uniquely to an adelic connection with the same name (by Proposition 3.11). Let x 0 be the generic point, so by assumption we have a frame e (x 0 ) for E (x 0 ) which trivializes r. Now take any closed point
. It is well known that there is a frame e (x 1 ) for E (x 1 ) which trivializes r (cf. [Ka] ). Consider the chain = (x 0 , x 1 ). With respect to the frame e (x 0 ) , the connection matrix of r is = ,t 1 g ,1 dg, where e (x 1 ) = g e (x 0 ) and g 2 Gl r (O X, ).
Since r is integrable we get ,dt 1 g ,1 dg = D 00 = Θ 1,1 = 0.
We conclude that
But because X is smooth and k is algebraically closed, it follows that H 0 Ω X=k,
where is any maximal chain containing . So in fact g 2 Gl r (k),
and by faithful flatness we get
By going over all closed points x 1 we see that e (x 0 ) 2 Γ(X, E), which trivializes r.
There do however exist integrable adelic connections which are not algebraic. 
is invertible, and we consider e as a frame forÃ 0 X (E). Define r to be the LeviCivita connection for e. If we now consider the algebraic frame f = 
Remark 3.23. In [Du] a very similar construction is carried out to calculate characteristic classes of principal G-bundles, for a Lie group G. These classes are in the cohomology of the classifying space BG, which coincides with the cohomology of the simplicial manifold NG.
Remark 3.24. Suppose X is any finite type scheme over k. Then R 2 Γ(X,Ã X ) is nilpotent and we may definẽ ch(E; r) := tr exp R 2 Γ(X,Ã X ).
Using the idea of the proof of Proposition 3.15 one can show that given a bounded complex E of locally free sheaves, which is acyclic on an open set U, it is possible to find connections r i on E i s.t. P i ( ,1) ic h(E i ; r i ) = 0 on U. In particular when U = X we get a ring homomorphism
the Chern character. When X is smooth this is the usual Chern character into H DR (X).
Secondary characteristic classes.
Let k be a field of characteristic 0.
In [BE] , Bloch and Esnault show that given a locally free sheaf E on a smooth k-scheme X, an algebraic connection r: E ! Ω 1
X=k
O X E and an invariant polynomial P 2 I r (k) of degree m 2, there is a Chern-Simons class
TP(E; r) is called the secondary, or Chern-Simons, characteristic class. The notation we use is taken from [Es] ; the original notation in [BE] is w m (E, r, P).
Such algebraic connections exist when X is affine. However the authors of [BE] point out that any quasi-projective scheme X admits a vector bundle whose total space X 0 is affine, and then H DR (X) ! H DR (X 0 ) is an isomorphism.
In Section 3 we proved that adelic connections always exist. In this section we define adelic Chern-Simons classes, which are global sections of sheaves on X itself: THEOREM 4.1. Suppose X is a smooth k-scheme, E a locally free O X -module, r an adelic connection on E and P 2 I r (k) homogeneous of degree m 2. Then there is a class
and commuting with pullbacks for morphisms of schemes X 0 ! X.
The proof is later in this section, after some preparation. According to [BE] B=k . TP() is functorial on k-algebras, and satisfies
where Θ = d , .
We shall need a slight generalization of [BE] Proposition 2.2.2. Consider Mr and GL r as schemes over k. There is a universal invertible matrix 
Proof. Write
It is known that d = 0. X=k , for some a 1 , : : : , a n 2 Γ(U, O X ); and there a local algebraic frame f for E on U.
We get an induced isomorphism f : (Ã 0
M r (Γ(U,Ã 1 U )) be the connection matrix of r with respect to f . Define the commutative DGAs
Then by Definition 1.7, = ( 1 , 2 , : : : ) where l 2 M r (A 1 l ), and the various matrices l have to satisfy certain simplicial compatibility conditions.
Fix an index l. We have A 0 Now let f 0 = g f be another local algebraic frame for E on U, with g 2 Γ(U, GL r (O X )). Fix l as before and write
Let h: U ! GL r be the scheme morphism s.t. h (g u ) = g. The k-algebra
extends to a DGA homomorphism and l = l ( u ), where u is the obvious universal form. By the lemma, for every i there is a form
Since we are not making choices to define i,l it follows that the simplicial compatibilities hold, and so we obtain an adele i 2 Γ(h ,1 (U),Ã 2m,2 X ), which evidently satisfies
This means that the element
is independent of the local algebraic frame f , and therefore glues to a global section on X. Finally set TP(E; r) := R 4 TP(E; r).
Some of the deeper results of [BE] deal with integrable algebraic connections.
Denote by H i DR the sheafified De Rham cohomology, i.e., the sheaf associated to the presheaf U 7 ! H i DR (U). Then
Because of formula (4.2), we get an adelic generalization of [BE] The next question is an extension of Basic Question 0.3.1 of [BE] .
Question 4.5. Are the classes TP(E; r) all zero for an integrable adelic connection r?
5. The Bott Residue Formula. Let X be smooth n-dimensional projective variety over the field k (char k = 0). Suppose E is a locally free O X -module of rank r and P 2 I r (k) is a homogeneous polynomial of degree n. The problem is to calculate the Chern number
Assume v 2 Γ(X, T X ) is a vector field which acts on E. By this we mean there is a DO Λ: E ! Ω 1
X=k O X E satisfying Λ(ae) = v(a) e + a Λe for local sections a 2 O X and e 2 E. Furthermore assume the zero scheme Z of v is finite (but not necessarily reduced). Then we shall define a local invariant P(v, E, z) 2 k for every zero z 2 Z, explicitly in terms of local coordinates, in equation (5.3).
Our result is:
The proof appears later in this section, after some preparation. It follows the original proof of Bott [Bo1] , but using algebraic residues and adeles instead of complex-analytic methods. This is made possible by Proposition 2.7 and Theorem 3.17. We show that a good choice of adelic connection r on E enables one to localize the integral to the zero locus Z. This is quite distinct from the proof of the Bott Residue Formula in [CL] , where classes in Hodge cohomology H q (X, Ω p X=k ) are considered, and integration is done using Grothendieck's global duality theory.
Let us first recall the local cohomology residue map [Li] and [HK] . Choose local coordinates f 1 , : : : (z) , and define
The calculation of (5.3), given the a i and P 0 , is quite easy: first express these elements as power series in f . The rules for manipulating generalized fractions are the same as for ordinary fractions, so the denominator can be brought to be f i . Now use (5.2).
Example 5.4. Let X := P 1 k and E := O X (1). Let Spec k[ f ] X be the complement of one point (infinity), and let z be the origin (i.e. f (z) = 0). We embed E in the function field k(X) as the subsheaf of functions with at most one pole at z. Now v := f 2 @ @f 2 Γ(X, T X ) is a global vector field, and we see that its action on k(X) preserves E. So the theorem applies with Λ = v. Here is the calculation: the
we see that with P = P 1 , P(Λ) = ,f, and so 
In the previous example we could have chosen v := f @ @f . This has 2 simple zeroes: z, where a = f and P(Λ) = ,1, so P(v, E, z) = 1; and infinity, where
Let us start our proofs by showing that the local invariant is indeed independent of choices. Remark 5.7. According to [HK] Theorems 2.3 and 2.4 one has P(v, E, z) = ( , 1) ( Proof. As X is projective and Z finite we can certainly find an affine open set U = Spec R containing Z. For each point z 2 Z we can find sections f 1,z , : : : , f n,z 2 R and e 1,z , : : : , e r,z 2 Γ(U, E) which satisfy the requirements at z. Choose a "partition of unity of U to order 1 near Z," i.e., a set of functions f z g z2Z R Then we get a family of connections fr (x) g x2X , and a global connection r:Ã 0 1 ) ; we will work with R 1,1 .
Proof. This is a local statement. Passing to matrices using a local algebraic frame, it is enough to prove that D 00 Θ X=k,(x) as follows: LEMMA 5.14. There exists a global section L 2Ã 0
and
Proof. Using Lemma 2.13, define
This is anÃ 0 
of maps E !Ã 0,1 X (E). Finally the equality Lj Z = Λj Z follows from the vanishing of v on Z.
(note that (D 00 ) n+1 = 0, so this makes sense). Writing = P i i t i we see that
LEMMA 5.15. D 00 n,1 + P(R 1,1 ) = 0 on X , Z.
Proof. Using the multilinear polarizationP of P, Lemma 5.14 and the fact that v ,tD 00 is an odd derivation, one sees that ( v ,tD 00 )P(L + tR 1,1 ) = 0 (cf. [Bo1] ).
Since hv, i = 1 on X,Z we get ( v ,tD 00 ) = (1,tD 00 ), ( v ,tD 00 )(1,tD 00 ) = 0, and hence ( v , tD 00 ) = P(L + tR 1,1 ) on X , Z. Finally consider the coefficient of t n in this expression, noting that n = 0, being a section ofÃ As mentioned before, P(R) = P(R 1,1 ) 2Ã 2n X . We must verify:
We are given that X is proper, so by [Be] r is integrable there (it is a Levi-Civita connection with respect to the algebraic frame e), so R = 0 ; hence P(R 1,1 ) = 0 and D 00 n,1 = P(L)(D 00 ) n . According to Lemma 5.14, D 00 L = 0, so by Lemma 2.13 one has L 2 End(E). Therefore
All the above is on U. The conclusion is:
Using the embedding of Lemma 2.16, for each 2 Ξ one has = P t i (x i ) , and therefore D 00 = P dt i^(x i ) . Let It remains to consider only 2 Ξ a . Since (x i ) = a ,1 i+1 df i+1 for 0 i n, and (x n ) = 0, it follows from Lemma 5.16 that
Finally, according to [Hu2] Corollary 2.5 or [SY] Theorem 0.2.9, and our Lemma 5.6, and using the fact that Lj Z = Λj Z , it holds with l = , n+1 Remark 5.19. Consider an action of an algebraic torus T on X and E, with positive dimensional fixed point locus. A residue formula is known in this case (see [Bo1] and [AB] ), but we were unable to prove it using our adelic method. The sticky part was finding an adelic model for the equivariant cohomology H T (X). An attempt to use an adelic version of the Cartan-De Rham complex did not succeed. Another unsuccessful try was to consider the classifying space BT as a cosimplicial scheme, and compute its cohomology via adeles.
Recently Edidin and Graham defined equivariant Chow groups, and proved the Bott formula in that context (see [EG] ). The basic idea there is to approximate the classifying space BT by finite type schemes, "up to a given codimension." This approach is suited for global constructions, but again it did not help as far as adeles were concerned.
6. The Gauss-Bonnet Formula. Let k be a perfect field (of any characteristic) and X a finite type scheme, with structural morphism : X ! Spec k. According to Grothendieck Duality Theory [RD] 
Then the pair (K X , ) is the residue complex of X. That is to say, there is a canonical isomorphism K X = ! k in the derived category D(Mod(X)) (see [Ye3] Corollary 2.5).
Let x be a point of dimension q in X, and consider a local section x 2 K X (x) K ,q 
where Res L i =k(x q ) is the the residue of [Ye1] Theorem 2.4.3, and the product
We can now state the main result of this section. From here to the end of Section 6 we assume char k = 0. Let U be an open subset such that E j U is trivial and U meets each irreducible component of Z. Fix an algebraic frame (v 1 , : : : , v r ) t of E j U and write
(6.6) For each x 2 X choose a local frame e (x) of E (x) as follows: Let r (x) be the resulting Levi-Civita connection on E (x) , let r:
be the induced adelic connection, and let R 2Ã 2 X (End(E)) be the curvature.
We get a top Chern form P r (R) = det R 2Ã 2r
X . Under the embedding of DGAs
of Lemma 2.16 we write R = (R ). ), from degree considerations we conclude that Proof. By induction on r. We start with r = 1. By the definition of residues, it suffices to prove that for any local factor L of k(), Res L=k(z) ( dlog a 1^ ) = 0. Now 
The lifting determines a decomposition ( dlog a 1^ dlog a r,1^( dlog a r^ ) This concludes the proof.
Appendix A. Simplicial De Rham theorem. In this appendix we provide proofs to Theorems 1.12 and 1.13. These proofs are essentially contained in [BG] and [HS1] , but not quite in the formulation needed here. For notation see Section 1. (2) For any finite Q -module V one has Hom Sets (S n , V) = Hom Sets (S n , Q ) Q V. Apply this to V = Ω q (∆ n Q ) and V = C q (∆ n , Q ).
(3) This follows from part 2 for S = ∆ n , and using the isomorphism T n = Hom ∆ Sets (∆ n , T) for any T 2 ∆ Sets.
Regarding notation, the DGA we call C (S, Q ) (resp. A (S, Q )) is denoted by C (S) (resp. A (S)) in [BG] . Our simplicial DGA C (∆, Q ) is denoted by Z in [HS1] .
Define a homomorphism
: Proof of Theorem 1.13. According to [BG] 
